If (2) is solvable then it has at most one solution (x, y) in positive integers, and then ax
where t is the least positive integer such that u t ≡ 0 (mod a).
Remark 1. It is easy to see that we can "effectively" determine if the equation (2) has an integer solution, because we can "effectively" determine whether there exists a positive integer t such that u t ≡ 0 (mod a) is solvable or not.
Preliminaries.
In order to prove the Theorem we need some technical lemmas. First we consider Pell's equation Let ε = u + v √ B be the fundamental solution of (3), define ε = u − v √ B, and for any integer n define
Throughout the paper we always assume that a is a given positive integer which is squarefree. If a 2 x 4 − By 2 = 1 has a solution then it is easy to see that there must exist an integer n such that x n ≡ 0 (mod a). The next lemma shows which n satisfy this congruence.
Lemma 2.1. Let x n be defined as in (4) , and let a > 0 be an integer. If x n ≡ 0 (mod a), then there exists a positive integer t such that n = (2k +1)t, k = 1, 2, . . . Remark 2. From Lemma 2.1 we see that t is the least positive integer such that x t ≡ 0 (mod a). P r o o f. Let t be the least positive integer such that x t ≡ 0 (mod a). Then for 0 ≤ j < t, we have (5) x j ≡ 0 (mod a).
, it is easy to verify that for an integer k we have
Here we have made use of the relations 
From (9) we see that (10) x (2k+1)t ≡ 0 (mod a). Let n be an arbitrary positive integer. We write n as n = mt + r, where m ∈ Z and 0 ≤ r < t. We will prove that if x n ≡ 0 (mod a) then m is odd and r = 0. If m is an even integer then from (6) we get
. From (11) we see that x n ≡ ±x r (mod a) ≡ 0 (mod a). So we are left with odd m. For odd m we rewrite n as n = mt + r = (m + 1)t + r − t; note that m + 1 is even. Using a similar method we have
Note that (11) and (12) we have x t−r ≡ 0 (mod a) and by (5) we must have r = 0. The lemma follows. Obviously x n ≡ 0 (mod a), hence by Lemma 2.1, n = (2k + 1)t. Assume n = (2k + 1)t is the least solution of (14). If 2k + 1 = 1, the assertion follows. So we assume that 2k + 1 > 1. We write 2k + 1 = ps, where p > 1 is an odd prime number and s is an odd integer. From (14) we have
Putting α = ε st and β = −ε st , from (16) we get
By Lemma 2.1 it is obvious that (α − β)/2 ≡ 0 (mod a), hence from (17) we have
It is well known that h = 1 or h = p. If h = 1, from (18) we have u 2 = (α − β)/(2a) for some integer u, which contradicts the assumption that n = (2k + 1)t is the least solution of (14). So h = p. From (18) 
Multiplying this inequality by u we get
Multiplying both sides of (23) by 1 − 1/(au 2 ) we get
In a similar way from the second equation of (21) we get
Then by Lemma 2.4 we get
From (26) we easily deduce that
Multiplying this inequality by a
we get the conclusion. We now prove √ ax > (2 √ au)
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. Put Noting that n log(η 2 /η 1 ) < n(η 2 − η 1 )/η 1 , from (32) we get
and the lemma follows at once.
Remark 3. From the above lemma we can "effectively" solve the simultaneous equations as in the lemma when au 2 > 25.
Proof of the Theorem.
In this section, we will prove our main theorem and discuss some special cases of it. First from Lemmas 2. It is easy to verify that
Combining (36) with (37) and (38), we get (40) ax
